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Chronometric Geodesy 
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Fundamental observation equation

The relative gravity frequency shift 
equals the gravity potential difference 
between points P and Q 



Chronometric Geodesy 

The difference between two 
orthometric heights is proportional to 
the relative gravity frequency shift and 

the gravity measurements
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What have been done in the past… 

Numerical approach strategy to evaluate 
the contribution of atomic clocks to 

estimate the geopotential model

Planar least squares collocation
Forsberg 1987: Logarithmic covariance model
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What have been done in the past… 

Determination of high spatial resolution geopotential model 
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What have been done in the past… 

Functional model for normal 
heights in a local system

Functional model for the 
clock base data

Application of Least-squares 
adjustment for the 

estimation of solution
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What have been done in the past… 

Clock networks for height system unification
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What have been done in the past… 

Phenomena that could be monitored 
with optical clock networks
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Current Objects 

• Mathematical model for the analysis of products derived from the processing of clock measerements

• Study of two main different cases either via a deterministic approach or a stochastic one:

• Spatial model
• Spatial-temporal model

• Links between clock measurements/products and measurements/products derived from other geodetic
instruments (e.g. GNSS, land gravimeters, etc)

• Development of a module
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Functional Model 

The general functional model:

ψ= 𝑓(𝒙𝑖 , 𝒙𝑗 ,𝑊 𝒙𝑖 ,𝑊(𝒙𝑗), 𝑔(𝒙𝑖), 𝑔(𝒙𝑗))

𝒙: position parameters

𝑾 𝒙 : Gravity potential

𝒈(𝒙): Gravity measurements

Linearization of the model:

𝜓 = 𝜓0 +
𝜕𝑓

𝜕𝑥𝑖
0 𝑥𝑖 − 𝑥𝑖

0 +
𝜕𝑓

𝜕𝑥𝑗
0 𝑥𝑗 − 𝑥𝑗

0 +
𝜕𝑓

𝜕[𝑊(𝑥0)]
𝑊 𝑥 − 𝑈 𝑥0 +

𝜕𝑓

𝜕[𝑔(𝑥0)]
𝑔 𝑥 − 𝛾 𝑥0

𝑈: Normal gravity potential

𝛾: Normal gravity

𝑥0: approximate position
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Observation Model 

𝒘 = 𝑨𝒙 + 𝑮𝒔 + 𝑽

𝒘 =

𝒘1

𝒘2

⋮
𝒘𝑛

𝒙 =

𝒙1
𝒙2
⋮
𝒙𝑚

𝒔 =

𝒔1
𝒔2
⋮
𝒔𝑝

𝑽 =

𝒗1
𝒗2
⋮
𝒗𝑛

Different group of observations
• Geodetic measurements
• Gravity measurements
• Clock measurements
• …

Residuals/Noise referred to the 
different group of observations

Position (unknown) parameters
• coordinates
• height
• …

Signals (unknown) parameters
• Gravity 
• Gravitational potential
• Gravity anomaly
• …
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Observation Model 

𝒘 = 𝑨𝒙 + 𝑮𝒔 + 𝑽

𝑮 =

𝑮1
𝑮2
⋮
𝑮𝑝

𝑨 =

𝑨1
𝑨2
⋮
𝑨𝑚

Jacobian matrix referred to the 
position parameters (x)

Jacobian matrix referred to the signals (s)

Least squares adjustment

𝑽𝑇𝑷𝑽 → 𝒗1
𝑇𝑷1𝒗1 + 𝒗2

𝑇𝑷2𝒗2 +⋯+ 𝒗𝑛
𝑇𝑷𝑛𝒗𝑛 → 𝑚𝑖𝑛𝑖𝑚𝑢𝑚
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Least-Squares Adjustment - Spatial approach A 

𝒘 = 𝑨 𝑮
𝒙
𝒔
+ 𝑽

Deterministic approach of position and signal parameters:

𝑽𝑇𝑷𝑽 → 𝑚𝑖𝑛𝑖𝑚𝑢𝑚

𝑨𝑇𝑷𝑨 𝑨𝑇𝑷𝑮
𝑮𝑇𝑷𝑨 𝑮𝑇𝑷𝑮

ෝ𝒙
ො𝒔
= 𝑨𝑇𝑷𝒘

𝑮𝑇𝑷𝒘

𝑵𝒙 𝑵𝒙𝒔

𝑵𝒔𝒙 𝑵𝒔

ෝ𝒙
ො𝒔
=

𝑼𝒙

𝑼𝒔

Depending on the rank deficiency of the model different type of minimal constraints could be applied to the model:

𝑪𝒙
𝑇𝒙 + 𝑪𝒔

𝑇𝒔 = 𝟎
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Least-Squares Adjustment - Spatial approach B 

𝒘 = 𝑨𝒙 + 𝑮 𝑰
𝒔
𝒗

Deterministic approach of positions and stochastic approach of signals:

𝒔𝑇𝑲−1𝒔 + 𝒗𝑇𝑷𝒗 → 𝑚𝑖𝑛𝑖𝑚𝑢𝑚

𝑴 = 𝚺𝒏 = 𝑮 𝑰
𝑲 𝟎
𝟎 𝚺𝒗

𝑮𝑻

𝑰
= 𝑮𝑲𝑮𝑻+𝚺𝒗K=

𝒌𝒔𝟏𝒔𝟏 … 𝒌𝒔𝟏𝒔𝒑
⋮ ⋱ ⋮

𝒌𝒔𝒑𝒔𝟏 ⋯ 𝒌𝒔𝒑𝒔𝒑

Depending on the rank deficiency of the model different type of minimal constraints could be applied to the model:

𝑪𝒙
𝑇𝒙 + 𝑪𝒔

𝑇𝒔 = 𝟎

(𝑨𝑇𝑴−1𝑨) ෝ𝒙 = 𝑨𝑇𝑴−1𝒘

ො𝒔 = 𝑲𝑮𝑇𝑴−1(𝒘 − 𝑨ෝ𝒙)
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Links between clocks and other land instruments 

𝒘𝒙 = 𝑓(𝒙) + 𝒗𝑥

Deterministic approach (common parameters):

𝒘𝒙

𝒘𝒔
=

𝑨 𝟎
𝟎 𝑮

𝒙
𝒔
+

𝒗𝑥
𝒗𝑠

𝒘𝒔 = 𝑔(𝒔) + 𝒗𝑠 ෝ𝒙
ො𝒔
=

(𝑨𝑇𝑷𝑥𝑨)
−1 𝟎

𝟎 (𝑮𝑇𝑷𝑠𝑮)
−1

𝑨𝑇𝑷𝑠𝒘𝒙

𝑮𝑇𝑷𝑠𝒘𝒔

𝒘𝒙 = 𝑓1 𝒙1 + 𝑓2 𝒙2 + 𝒗𝑥

𝒘𝒔 = 𝑐 𝒙2 + 𝑔(𝒔) + 𝒗𝑠

𝒘𝒙

𝒘𝒔
=

𝑨𝟏 𝑨𝟐 𝟎
𝟎 𝑪 𝑮

𝒙𝟏
𝒙𝟐
𝒔

+
𝒗𝑥
𝒗𝑠

𝑨1
𝑇𝑷𝑥𝑨1 𝑨1

𝑇𝑷𝑥𝑨2 𝟎

𝑨2
𝑇𝑷𝑥𝑨1 𝑨2

𝑇𝑷𝑥𝑨2 + 𝑪𝑇𝑷𝑠𝑪 𝑪𝑇𝑷𝑠𝑮

𝟎 𝑮𝑇𝑷𝑠𝑪 𝑮𝑇𝑷𝑠𝑮

ෝ𝒙𝟏
ෝ𝒙𝟐
ො𝒔

=

𝑨1
𝑇𝑷𝑥𝒘𝒙

𝑨2
𝑇𝑷𝑥𝒘𝒙 + 𝑪𝑇𝑷𝑠𝒘𝒔

𝑮𝑇𝑷𝑠𝒘𝒔
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Links between clocks and other land instruments 

𝒘𝒔

𝒘𝒔𝟑
=

𝑨𝟏 𝑨𝟐 𝟎
𝟎 𝟎 𝑮𝟑

𝒙𝟏
𝒙𝟐
𝒔𝟑

+
𝒗𝑥
𝒗𝑠𝟑

𝑨1
𝑇𝑷𝑠𝑨1 𝑨1

𝑇𝑷𝑠𝑨2 𝟎

𝑨2
𝑇𝑷𝑠𝑨1 𝑨2

𝑇𝑷𝑠𝑨2 𝟎

𝟎 𝟎 𝑮3
𝑇𝑷𝑠𝟑𝑮3

ෞ𝒙𝟏
ෞ𝒙𝟐
ෞ𝒔𝟑

=

𝑨1
𝑇𝑷𝑠𝒘𝒔

𝑨2
𝑇𝑷𝑠𝒘𝒔

𝑮3
𝑇𝑷𝑠𝟑𝒘𝑠𝟑

𝒘𝒔 = 𝑓(𝒙1, 𝒙2) + 𝒗𝑠

𝒘𝒔𝟑 = 𝑔 (𝒔3) + 𝒗𝒔𝟑

Stochastic approach between signals and position parameters:

K=
𝒌𝒙𝒊𝒙𝒊 𝒌𝒙𝒊𝒔𝟑
𝒌𝒔𝟑𝒙𝒊 𝒌𝒔𝟑𝒔𝟑

, i = 1, 2

𝒘𝒙 = 𝑓(𝒙1, 𝒙2) + 𝒗𝑠

𝒘𝒔𝟑 = 𝑔 (𝒔3) + 𝒗𝒔𝟑
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Links between clocks and other land instruments 

𝒘𝒙 = 𝑓(𝒙) + 𝒗𝑥

𝒘𝒙

𝒘𝒔
=

𝑨 𝟎
𝟎 𝑮

𝒙
𝒔
+

𝒗𝑥
𝒗𝑠

𝒘𝒔 = 𝑔(𝒔) + 𝒗𝑠 ෝ𝒙
ො𝒔
=

(𝑨𝑇𝑷𝑥𝑨)
−1 𝟎

𝟎 (𝑮𝑇𝑷𝑠𝑮)
−1

𝑨𝑇𝑷𝑠𝒘𝒙

𝑮𝑇𝑷𝑠𝒘𝒔

Condition equations or external constraints between position and signal parameters:

𝒘𝒙 = 𝑓(𝒙) + 𝒗𝑥

𝒘𝒔 = 𝑔(𝒔) + 𝒗𝑠

𝒁𝒙
𝑻𝒙 + 𝒁𝒔

𝑻𝒔 = 𝒅

𝑨𝑇𝑷𝒙𝑨+ 𝒁𝒙𝑷𝒅𝒁𝒙
𝑇 𝒁𝒙𝑷𝒅𝒁𝒔

𝑇

𝒁𝒔𝑷𝒅𝒁𝒙
𝑇 𝑮𝑇𝑷𝑠𝑮+ 𝒁𝒔𝑷𝒅𝒁𝒔

𝑇
ෝ𝒙
ො𝒔
=

𝑨𝑇𝑷𝑥𝒘𝒙 + 𝒁𝒙𝑷𝒅𝒅

𝑮𝑇𝑷𝑠𝒘𝒔 + 𝒁𝒔𝑷𝒅𝒅
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Links between clocks and other land instruments 

𝒘𝒙 = 𝑓(𝒙) + 𝒗𝑥
𝒘𝒙

𝒘𝒔𝟏
𝒘𝒔𝟐

=
𝑨 𝟎 𝟎
𝟎 𝑮𝟏 𝟎
𝟎 𝟎 𝑮𝟐

𝒙
𝒔𝟏
𝒔𝟐

+

𝒗𝑥
𝒗𝑠𝟏
𝒗𝑠𝟐𝒘𝒔𝟏 = 𝑔1 (𝒔1) + 𝒗𝒔𝟏

ෝ𝒙
ෞ𝒔𝟏
ෞ𝒔𝟐

=

𝑨𝑇𝑷𝑥𝑨
−1 𝟎 𝟎

𝟎 𝑮1
𝑇𝑷𝑠𝟏𝑮1

−1
𝟎

𝟎 𝟎 𝑮2
𝑇𝑷𝑠𝟐𝑮2

−1

𝑨𝑇𝑷𝑥𝒘𝒙

𝑮1
𝑇𝑷𝑠𝟏𝒘𝑠𝟏

𝑮2
𝑇𝑷𝑠𝟐𝒘𝑠𝟐

𝒘𝒔𝟐 = 𝑔2(𝒔2) + 𝒗𝒔𝟐

Stochastic approach of signals + external constraints between signal and position parameters:

𝑪𝒙
𝑻𝒙 + 𝑪𝒔𝟏

𝑻 𝒔𝟏 = 𝒅1
𝒘𝒙 = 𝑓(𝒙) + 𝒗𝑥

𝒘𝒔𝟏 = 𝑔1 (𝒔1) + 𝒗𝒔𝟏

𝒘𝒔𝟐 = 𝑔2(𝒔2) + 𝒗𝒔𝟐
𝑪𝒙
𝑻𝒙 + 𝑪𝒔𝟐

𝑻 𝒔𝟐 = 𝒅2

+ + K=
𝒌𝒔𝟏𝒔𝟏 𝒌𝒔𝟏𝒔𝟐
𝒌𝒔𝟐𝒔𝟏 𝒌𝒔𝟐𝒔𝟐
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Least-Squares Adjustment / Spatial-Temporal approach 1

𝒘𝒕𝟎
𝒘𝒕𝟏
𝒘𝒕𝟐

⋮
𝒘𝒕𝒏

=

𝑨𝒕𝟎 𝟎 𝟎 ⋯ 𝟎

𝟎 𝑨𝒕𝟏 𝟎 ⋯ 𝟎

𝟎 𝟎 𝑨𝒕𝟐 ⋯ 𝟎

⋮ ⋮ ⋮ ⋱ ⋮
𝟎 𝟎 𝟎 ⋯ 𝑨𝒕𝒏

𝒙𝒕𝟎
𝒙𝒕𝟏
𝒙𝒕𝟐
⋮
𝒙𝒕𝒏

+

𝑮𝒕𝟎 𝟎 𝟎 ⋯ 𝟎

𝟎 𝑮𝒕𝟏 𝟎 ⋯ 𝟎

𝟎 𝟎 𝑮𝒕𝟐 ⋯ 𝟎

⋮ ⋮ ⋮ ⋱ ⋮
𝟎 𝟎 𝟎 ⋯ 𝑮𝒕𝒏

𝒔𝒕𝟎
𝒔𝒕𝟏
𝒔𝒕𝟐
⋮
𝒔𝒕𝒏

+

𝒗𝒕𝟎
𝒗𝒕𝟏
𝒗𝒕𝟐
⋮
𝒗𝒕𝒏



𝒂=𝒕𝟎

𝒕𝒏

[𝒗𝒂
𝑇𝑷𝒂𝒗𝒂 + 

𝒃=𝒕𝟎

𝒕𝒏

𝒔𝒂
𝑇𝑷𝒂𝒃𝒔𝒃] → 𝑚𝑖𝑛𝑖𝑚𝑢𝑚

Deterministic approach of positions and stochastic approach of signals:
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Least-Squares Adjustment / Spatial-Temporal approach 2

𝒘𝒕𝟎
𝒘𝒕𝟏
𝒘𝒕𝟐

⋮
𝒘𝒕𝒏

=

𝑨𝒕𝟎 𝟎 𝟎 ⋯ 𝟎

𝑨𝒕𝟏 𝑨𝒕𝟏 𝟎 ⋯ 𝟎

𝑨𝒕𝟐 𝟎 𝑨𝒕𝟐 ⋯ 𝟎

⋮ ⋮ ⋮ ⋱ ⋮
𝑨𝒕𝒏 𝟎 𝟎 ⋯ 𝑨𝒕𝒏

𝒙𝒕𝟎
𝒑𝒕𝟏
𝒑𝒕𝟐
⋮
𝒑𝒕𝒏

+

𝑮𝒕𝟎 𝟎 𝟎 ⋯ 𝟎

𝑮𝒕𝟏 𝑮𝒕𝟏 𝟎 ⋯ 𝟎

𝑮𝒕𝟐 𝟎 𝑮𝒕𝟐 ⋯ 𝟎

⋮ ⋮ ⋮ ⋱ ⋮
𝑮𝒕𝒏 𝟎 𝟎 ⋯ 𝑮𝒕𝒏

𝒔𝒕𝟎
𝒒𝒕𝟏
𝒒𝒕𝟐
⋮
𝒒𝒕𝒏

+

𝒗𝒕𝟎
𝒗𝒕𝟏
𝒗𝒕𝟐
⋮
𝒗𝒕𝒏

𝒑𝒕𝒂 = 𝒙𝒕𝒂 − 𝒙𝒕𝟎 𝒐𝒓 𝒑𝒕𝒂 = 𝒙𝒕𝒂 − 𝒙𝒕𝒂−𝟏: ground displacements

𝒒𝒕𝒂 = 𝒒𝒕𝒂 − 𝒒𝒕𝟎 𝒐𝒓 𝒒𝒕𝒂 = 𝒒𝒕𝒂 − 𝒒𝒕𝒂−𝟏: gravity potential variations 

𝒑𝑇𝑷𝒑𝒑 + 𝒒𝑇𝑷𝒒𝒒 + 

𝒂=𝒕𝟎

𝒕𝒏

𝒗𝒂
𝑇𝑷𝒂𝒗𝒂 + 𝒔𝟎

𝑇𝑷𝒔𝟎𝒔𝟎 → 𝑚𝑖𝑛𝑖𝑚𝑢𝑚

Stochastic approach for ground displacements and gravity potential variations:
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Least-Squares Adjustment / Spatial-Temporal approach 3

𝒘𝒕𝟎
𝒘𝒕𝟏
𝒘𝒕𝟐

⋮
𝒘𝒕𝒏

=

𝑨𝒕𝟎 𝟎 𝟎 ⋯ 𝟎

𝑨𝒕𝟏 𝑨𝒕𝟏 𝟎 ⋯ 𝟎

𝑨𝒕𝟐 𝟎 𝑨𝒕𝟐 ⋯ 𝟎

⋮ ⋮ ⋮ ⋱ ⋮
𝑨𝒕𝒏 𝟎 𝟎 ⋯ 𝑨𝒕𝒏

𝒙𝒕𝟎
𝒑𝒕𝟏
𝒑𝒕𝟐
⋮
𝒑𝒕𝒏

+

𝑮𝒕𝟎 𝟎 𝟎 ⋯ 𝟎

𝑮𝒕𝟏 𝑮𝒕𝟏 𝟎 ⋯ 𝟎

𝑮𝒕𝟐 𝟎 𝑮𝒕𝟐 ⋯ 𝟎

⋮ ⋮ ⋮ ⋱ ⋮
𝑮𝒕𝒏 𝟎 𝟎 ⋯ 𝑮𝒕𝒏

𝒔𝒕𝟎
𝒒𝒕𝟏
𝒒𝒕𝟐
⋮
𝒒𝒕𝒏

+

𝒗𝒕𝟎
𝒗𝒕𝟏
𝒗𝒕𝟐
⋮
𝒗𝒕𝒏

𝒑𝒕𝒂 = 𝒙𝒕𝒂 − 𝒙𝒕𝟎 𝒐𝒓 𝒑𝒕𝒂 = 𝒙𝒕𝒂 − 𝒙𝒕𝒂−𝟏: ground displacements

𝒒𝒕𝒂 = 𝒒𝒕𝒂 − 𝒒𝒕𝟎 𝒐𝒓 𝒒𝒕𝒂 = 𝒒𝒕𝒂 − 𝒒𝒕𝒂−𝟏: gravity potential variations 



𝒂=𝒕𝟏

𝒕𝒏



𝒃=𝒕𝟏

𝒕𝒏

[𝒑𝒂
𝑇𝑷𝒑𝒂𝒃𝒑𝒃 + 𝒒𝒂

𝑇𝑷𝒒𝒂𝒃𝒒𝒃 + 𝒑𝒂
𝑇𝑷𝒑𝒂𝒒𝒃𝒒𝒃 + 𝒒𝒂

𝑇𝑷𝒒𝒂𝒑𝒃𝒑𝒃] + 

𝒂=𝒕𝟎

𝒕𝒏

𝒗𝒂
𝑇𝑷𝒂𝒗𝒂 + 𝒔𝟎

𝑇𝑷𝒔𝟎𝒔𝟎 → 𝑚𝑖𝑛𝑖𝑚𝑢𝑚

Stochastic approach between ground displacements and gravity potential variations:
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Summary 

• Two strategies have been presented for the session spatial solution:

• Deterministic approach for positions and signals
• Deterministic approach for positions and stochastic for signals

• Three different kind of links have been presented:

• Deterministic approach (common parameters)
• External constraints
• Stochastic approach

• Three strategies have been presented for the spatial-temporal solution:

• Deterministic approach for positions and stochastic approach for signals
• Stochastic approach for ground displacements and gravity potential variations
• Stochastic approach between ground displacements and gravity potential variations
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Thank you for your attention!


